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If G” is an n-dimensional Lie group and r is a discrete subgroup with 
compact quotient, the projection p: G -+ T\G is a local diffeomorphism and a 
choice of a basis of the Lie algebra 9 E T,G of G determines (by right tran- 
slation) a trivialization of T(T\G), and so a stable framing 9. If we use the 
orientation of 9 to orient G, the pair (T\G, 9) represents a class in tinr, the 
cobordism group of stably framed n-manifolds, and so an element in the n- 
stem 7ri g 7c n+k(Sk), k large. For example, the lens space L(n, 1) g Z.\S”, 
n = l,..., 24, represents (with its right-invariant framing) the element 
nvE7TS,zz*4, where v is the standard generator of the 3-stem. It is a little 
harder to deal with r\S’ for the other discrete subgroups r of S3 
(i.e., the triangle groups T(p, q, r), where p, q, r are integers 22 with- 
l/P + l/q + I/r > 1). 
Although we do identify (in Section 4) the elements of ~“3 represented by 
(r”\S”, 9), where r is a dizrete subgroup of S3, our main interest is the 
case where the group G is S&(R) and r is the commutator subgroup (to be 
denoted by fi(p, q, r) or just fi) of a triangle group f(p, q, r), where in this 
case p, q, r are positive integers with I/p + l/q + l/r < 1. (Of course, we are 
interested in the case i’(p, q, r)\SL,(R) too, but the methods used here only 
apply directly to the quotient by the commutator subgroup fi(p, q, r) and 
also to the case when T(p, q, r) is one of the “14 exceptional triangle 
subgroups” of S&(R) of Arnold [ 11.) The triangle subgroups f(p, q, r), 
l/p + I/q + l/r < 1, are defined by choosing a geodesic triangle T(p, q, r) in 
the Lobachevskii plane P (i.e., the upper half-plane H = (z: Im z > O} with 
the Poincare metric ]dz 1*/y’) with interior angles n/p, n/q, rc/r. Denote by 
C* the group of isometries of P generated by reflections in the sides of the 
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triangle T(p, q, r), and by Z the subgroup (of index 2) of orientation 
preserving isometries. The group C c P’&(R) = f l\%,(R) and f(p, q, r) 
is defined as the inverse image of ,Y in X.,(R). (The triangle subgroups of S3 
are similarly defined, replacing P by the Riemann sphere S’.) We prove the 
following theorems. 
THEOREM 1. The pair (I?(p, q, r)\&,(R), 9) represents the element 
(1 +(P- l)(q- l)(r- l>>vE;rrs, where v is the standard generator of rci 
and (p - I)(q - l)(r- 1) is the Milnor number, or multiplicity, of the 
isolated critical point of the complex polynomial f(z) = zy + z! + z’; . 
THEOREM 2. The pair NP, 4, 4\S3, 2) represents the element 
(p+q+r- l)vE$. 
THEOREM 3. If p, q, r are the Dolgachev numbers of one of Arnold’s 14 
exceptional singularities [ 11, then the pair (T(p, q, r)\SL,(R), 9) represents 
the element (1 -p-q-r)vE@. 
Our method is geometric and (for II(p, q, r)) the non-compact case is 
parallel to the compact one. We start at the end of Milnor’s article (71 and, 
in some sense, travel down it backwards. The essential lemma is a tiny 
addition to his theorem that any Brieskorn manifold M(p, q, r), 
I/p + l/q + l/r # 1, is of the form I7(p, q, r)\G. We prove (Lemmas 2.1 and 
3.1) that the isomorphism carries the canonical framing (see Section 1) of 
the Brieskorn manifold into the right-invariant framing of the quotient ZZjG. 
In the last paragraph of Section 4, we briefly discuss T(p, q, r)\S3 and 
T(p, q, r)\SL,(R) and show how the method used for quotients by I7(p, q, r) 
establishes Theorems 2 and 3. 
We are grateful to Nigel Hitchin for reminding us of the existence of the 
canonical framing on the Brieskorn manifold M(p, q, r). (This framing exists 
for any isolated singularity in a two-dimensional complete intersection, and 
is studied in [9, IO].) 
1 
Let f(z) be the complex polynomial z’; + zz + z;, with p, q, r > 2, and let 
7. =f-‘(0). Y“ is a (complex) algebraic surface and 7-n S5 c C3 is the 
Brieskorn manifold M(p, q, r). The surface 5‘ - (0) has a holomorphic 2- 
form o defined (locally) by 
w = (l/rzI;-‘) dz, A dz, = (l/qz)z-‘) dz, A dz, = (l/pz<-‘) dz, A dz,. (1.1) 
This 2-form vansihes nowhere on S‘ - (0) and so defines a holomorphic 
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trivialization of (the canonical bundle) A’T*, where T* is the cotangent 
bundle of ?’ 1 - (0); that is, a reduction of the structure group of T* to 
Z,(C). Using the restriction of the natural metric in C3 we thus have a 
reduction of the structure group of T to SU(2) r Sp( 1). Let r denote the unit 
outward-pointing normal field to M(p, q, r) in ?’ ‘. Multiplying r by the unit 
quaternions i,j, k, according to the Sp( I)-structure on T, we obtain three 
nowhere-vanishing vector fields on M(p, q, r), mutually orthogonal 
everywhere. These define a tivialization of T(M(p, q, r)), which we shall call 
the canonical trivialization and denote by p. 
LEMMA 1.2. The pair (M(p, q, r), p) is stably framed cobordant to 
(Jo + 1) copies of (S3, 2), where ,u denotes the Milnor number [6] of the 
critical point 0 of the polynomial f (z) = z’: + z’j + zl; . 
Proof: According to [6 1, if 6 E C - (0) and j 61 is sufficiently small, the 
intersection F = 7 b n D6 of the non-singular complex algebraic surface 
7; = f -i(6) with the closed unit disc D6 is a (real) four-dimensional 
manifold which has the homotopy type of a wedge of p copies of S2 and 
which has boundary 3F diffeomorphic to M(p, q, r). We shall use F to 
construct a framed cobordism, and we note that x(F) =,u + 1 > 0. 
The holomorphic 2-form w of (1.1) is nowhere zero on 7 d, so F has an 
Sp( l)-structure extending that on L?F. Just as M(p, q, r), aF has an outward- 
pointing unit normal field tangent to F: 0, say. Upon examining Milnor’s 
proof, cited above, one can see that the diffeomorphism may be taken to 
carry the field r into c and to preserve the Sp(l)-structures near the 
boundary. If, then, we could extend the field u to a nowhere-vanishing field a’ 
on F we should have shown that (M(p, q, r), p) was (framed) nulcobordant, 
because we could frame F by the same rule as that for M(p, q, r). The 
obstruction to doing this in the Euler characteristic of F, which is positive. 
However, we may select x(F) =p + 1 points in the interior of F and excise 
about them open balls Di, 1 < i <p + 1, with disjoint closures and not inter- 
secting aF. Let us endow the boundary spheres with the unit normal vector 
field pointing out of F’ = F - Uy:‘=‘,’ Di. The resulting field u’ on cYF’ may be 
extended to a nowhere-vanishing field a” on F’ by Hopf s theorem 141, since 
x(F’) = 0. The Sp(l)-strucutre gives us an explicit trivialization of T(F’) by 
the rule explained above: Z’, o”i, a-7, 8k are the four mutually orthogonal 
fields. On each of the bounding spheres Si = aoi the field ~7’ is the standard 
normal one pointing into the interior of the ball. Consequently (aF,p), which 
is equivalent to (M(p, q, r), p), is framed cobordant to (u + 1)(S3, p), where p 
is the trivialization coming-by the rule above-from the outward-pointing 
normal to the boundary of the ball. Because i,j, k act on the right, the 
trivialization p is just the trivialization .A. We know that (S-‘, .9) represents 
v [ 111, so that (M(p, q, r), p) represents @ + 1)~. 
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2 
If r is a subgroup of S3 r SU(2) and h is a homogeneous polynomial in 
two complex variables, h is r-invariant if 
h(y . 2) = h(z) 
for all z E C* and y E r, where the action of r on C* is restriction of the 
canonical action of SU(2). The set of all r-invariant polynomials of degree n 
forms a complex vector space HF, and the collection H,* = @,“=, H;f is a 
graded algebra. 
When ZZ = 17(p, q, r) is the commutator of the triangle group 
T(p, q, r) c S3, Milnor in [7, Section 41 reminds us of the following facts. 
The algebra Hfi is generated by three polynomials 
h,EH$? h, E H”n/“, h, E H”n/‘, 
where k = 2/(p-’ + q-l + r-r - 1) is the order of C = +l\T(p, q, r). These 
three polynomials satisfy the relation h: + hi + h: = 0, and so define a n- 
invariant holomorphic map 
F:c*+;r-cc3, 
where 7. is as in Section 1. Factoring out by the action of Il we get a map 
F:n\C’- (O}+Y’- (0) 
and Milnor [7] shows that F is biholomorphic and carries n\S” 
diffeomorphically onto the Brieskorn manifold M(p, q, r). 
The map F pulls the trivialization p back to a trivialization F*(O) of 
T(n\S3), and F*(p) is in fact the right-invariant trivialization. For this we 
just need to show that the projection p: S3 + n\S” pulls F*(p) back to the 
right-invariant trivialization of T(S3). This is what the next lemma tells us. 
LEMMA 2.1. The halomorphic 2-form F*(w) on C2 - (0) is invariant 
under the canonical action of SU(2). That is, 
g*F*(o) = F*(o) 
for all g E SU(2). 
Proof: The 2-form R = dz, A dz, on C* - {O} is invariant under SU(2), 
so Lemma 2.1 will follow if we show that F*(o) is constant multiple of a. 
Since the tangent bundle of C* - (0} is- trivial, we can write 
f*(o) = H(z ,,zz)dz, A 4, 
REPRESENTATIONS OFELEMENTS OF 7l; 225 
where H is a nowhere-Vanishing holomorphic function on C2 - (0). Also, 
dh, A dh, 
F*w = rh’-’ = 
dh, A dh, dh, A dh, 
3 
ph;-l = qhT-’ ’ 
where the hi’s are the generators of Hz. Hence, 
where all Pi’s and Q,‘s are homogeneous polynomials. For each i = 1, 2, 3, 
the degree of Pi is the same as that of Qi. as is easy to check. Consequently, 
H may be regarded as a holomorphic function on P’(C). It is thus a 
constant, and non-zero because H vanishes nowhere. 
COROLLARY 2.2. The right-invariant trivialization .3? of the tangent 
bundle of the Brieskorn manifold M(p, q, r), l/p t l/q t l/r > 1, coincides 
with the trivialization p of Section 1 and so (M(p, q, r), 2) represents the 
class((p-l)(q-l)(r-l)tl)vErri [6,p.71]. 
3 
The arguments used in this section are, formally, similar to those of 
Section 2, with automorphic forms replacing the homogeneous polynomials. 
We shall use the notation of [7], which is non-standard. 
A d@rential form of (fractional) degree a E Q on the upper half-plane H 
is a holomorphic function on H x C* of the form 
ffqz, w>=f(z>w", 
where f is a holomorphic function on H and w varies over the universal 
covering group C* of the multiplicative group C* of non-zero complex 
numbers. (As is pointed out in [7], it is understood that wa is to be 
evaluated in C * and then projected to C * to be multiplied by f(z).) 
A labeled holomorphic map on H is a holomorphic map g: H + H, with 
nowhere-vanishing derivative, together with a holomorphic lifting of the 
derivative from C* to C*. The group of all labeled bJholomorphic maps on 
H is isomorphic to the universal covering group Z,(R) of SL,(R). This 
group acts on H x e* by 
g. (z, w) = (g(z), g (z) . w) , 
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where SL,(R) is acting on H in the standard way by first projecting to 
G(R)- 
Given a differential #(z, w) = f(z)@ on H and an element g E S?.,(R), 
the pull-back of 4 is 
Let r be a discrete subgroup of ST,(R). A differential form @(z, w) on H 
is r-automorphic if 
for all y E r and (z, w) in H x c *. The set of all r-automorphic forms of 
degree a on H forms a complex vector space A,*. and the collection A,* = 
0, A;t is a graded algebra. 
When fi is the commutator of the lifting to ST,(R) of the triangle group 
T(p, q, r) c SL,(R), Milnor [7] shows that the algebra A$ is generated by 
three elements 4,) d2, 4, of degrees s/p, s/q, s/r, respectively, where 
s -1 = 1 -p-‘-q-l -r-l* Moreover, these three functions satisfy the 
polynomial relation 
and they are never simultaneously zero. Let $= (4, , &, &); then i defines a 
map 
@:ii\Hxc*+Y-{O}cC3, 
where 7 1 is as in Section 1, and d is shown [7] to be biholomorphic. 
Furthermore, choosing a base point (zO, 1) in H x e*, we can map 
Ij\SL,(R) diffeomorphically onto the Brieskorn manifold M(p, q, r) c 7 1 by 
fig + N&G3 3 1)) (see [7]), and we are now in a position similar to that of 
Section 2. The map 4 pulls the canonical tivial@ion p of T(M(p, q, r)) of 
Section 1 back to a trivialization 4*@) of T(I?\SL,(R)), and we claim that 
$*@) is the right-invariant trivialization. This is a consequence of the 
following lemma. 
LEMMA 3.1. The_holomorphic 2-farm p(w) on H x c* is invariant 
under the action of SL,(R). That is, 
g*p(w) = qT*(co) 
fir all g in S&(R). 
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Proof: Let a be the holomorphic 2-form 
R=-$dzAdw 




(dg2/dz)(z)w2 ‘* dz * 
g* dw 
(dg2/W(4 
= (dg2/dz)(z)w2 dz A dw’ 
that is, R is Z,(R)-invariant. Thus Lemma 3.1 will be proved if we show 
that p(w) is a constant multiple of 0. By hypothesis, the 4;s are of the 
form 
$4(z, w) =fi(z)w”; &(z, w) = f*(z)& &(z, w) =f,(z)w? 
where the f;:‘s are holomorphic functions on H and a, P, Y E Q are such that 
pa=qp=ry=s, s= 1 +a+P+y. NOW, 
= PfXzNz”ldz)(z) - af,,(zMf,ldz)(z) 
I 




dz A dw 
w2 ’ 
where O(z) is a nowhere-vanishing holomorphic function on H. Since p(w) 
and Sz are both n-invariant, so is 0. But fi has compact fundamental 
domain on H; thus 0 is constant [7]. 
COROLLARY 3.2. Let M be the Brieskorn manifold M(p, q, r) with 
p-’ + q-l + r- ’ < 1. Then the trivialization p of T(M) defined in Section 1 
is the right-invariant trivialization 9. 
Theorem 1 is an immediate consequence of this corollary, Lemma 1.2 and 
the calculation of Brieskorn and Pham [6, p. 7 1 ] of the Milnor number. 
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4 
We are left with Theorems 2 and 3 to prove. In the case of Theorem 2, 
that is, of quotients of S3, we know that the only discrete subgroups of S3 
not of the form fl(p, q, r) are the dihedral groups r(2, 2, Y), r > 2, and the 
octahedral group r(2, 3,4). In these cases one checks [6] that the algebra 
Ht of r-invariant polynomials is generated by three elements h, , h,. h, 
which satisfy a single polynomial relation f(h,, h,, h3) = 0. As for the 
commutator subgroups, h, , h,, h, define a biholomorphic map 
h: fiC* -f-‘(O) c C3. A never-zero holomorphic 2-form is defined in a 
punctured neighbourhood of the singularity, and hence we have a canonical 
trivialization p of the tangent bundle of the boundary of the 
neighbourhood-as in Section 1. Lemmas 1.2 and 2.1 extend to this case. 
Finally, the Milnor number of the singularity may be read off from [ 8 1, since 
f is known [6, p. 791 and the weights may be quickly found from that. We 
arrive at Theorem 2. (We were disappointed not to find explicit polynomials 
hi for r(2, 3,4) in [5]!) 
In the case of Z,(R) (Theorem 3) there are exactly 14 triangle groups 
r= T(p, q, r) for which the algebra A; of automorphic forms is generated 
by three elements 4,) #*, $3. These #i satisfy a relation f(#, , #*, #3) = 0, 
where f is a quasihomogeneous polynomial of which the germ at 0 represents 
one of Arnold’s exceptional (unimodular) singularities. This is shown by 
Dolgachev in [2,3] and the degrees of the 4:s are given in [ 1, p. 41 under 
the heading “Indices of Homogeneity.” (We are grateful to J. W. Altena and 
D. Siersma for pointing out to us that, using [7], one may determine the 
generators 4i in these cases.) Again, for these 14 triangle groups r the map 
~=(~l,i2,~3):r7Hxc*jc3 is biholomorphic to its image and p(o), 
the pull-back of the nowherezanishing 2-form w of (1.1) to H X c *, is 
invariant under the action of X,(R). (The same proof as that of Lemma 3.1 
does this, since we know the degrees of the 4;s explicitly+ven the #i’s 
explicitly.) Lemma 1.2 still holds and one now completes the proof of 
Theorem 3 by using the equality p + p + q + r = 24 [ 1, p. S] for these 
singularities. (This equality follows from [8] once one knows the weights off 
[ll*) 
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